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Comparison of Wing Characteristics
at an Ultralow Reynolds Number
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The hydrodynamic characteristics of 20 wings of different airfoil shape were measured at Re = 4 £ £ 103 . Each
wing had an aspect ratio AR of 7.25. Comparison of the measured wing characteristics showed that hydrodynamic
characteristics of a wing with a rectangular airfoil can be improved by either a camber of 5%, a sharp leading
edge, or proper corrugation.

Nomenclature
AR = geometrical aspect ratio, b=c
a0 = two-dimensional lift curve slope by Eq. (4)
Na0 = lift curve slope estimated by Eq. (6)
b = span length
CD; CL = drag and lift coef� cients of a three-dimensional

wing
CD.CL D 0/ = three-dimensionaldrag coef� cient at CL D 0
Cd ; C` = drag and lift coef� cients of a two-dimensional

wing
Cd.C` D 0/ = two-dimensional drag coef� cient at C` D 0
NCd.C` D 0/ = drag coef� cient at C` D 0 estimated by Eq. (10)
CL® = three-dimensional lift curve slope
jCL =CD jmax = maximum lift– drag ratio of a three-dimensional

wing
c = chord length
FX ; FZ = hydrodynamic forces acting on both a wing and

a connecting cylinder in X and Z directions
FX0; FZ 0 = hydrodynamic forces acting on a connecting

cylinder in X and Z directions
f=c = maximum camber, in percentage of the chord
h = height of corrugation
L X ; LY ; L Z = dimensions of water tank
Re = Reynolds number, V0c=º
t = thickness of a wing
tm = mean thickness of a wing
V0 = forward velocity of a wing
X; Y; Z = � xed coordinate system of a wing
x f =c = location of maximum camber, in percentage

of the chord from the leading edge
® = angle of attack
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®0 = zero-lift angle of attack
1n = coef� cient of the angle of attack given by Eq. (2)
±b = clearance between wing and bottom

of the water tank
±n = coef� cient of the angle of attack given by Eq. (5)
N±n = coef� cient of the angle of attack estimated

by Eqs. (8) and (9)
±w = clearance between wing and water surface
º = kinematic viscosity of water
½ = density of water
¾ = Prandtl–Glauert factor for induced drag
¿ = Prandtl–Glauert factor for induced

angle of attack
Á = particle diameter of iron powder on a wing

Introduction

T HE performance of airfoils operating at a Reynolds number
of Re ¼ 105 has been of interest for various applications, in-

cluding remotely piloted vehicles, sailplanes, and human-powered
vehicles.1 Much research has been done on the performance of
airfoils at Re ¼ 105 and it has revealed a large difference in air-
foil characteristics between Re > 106 and Re ¼ 105 . Recently, the
Defense Advanced Research Projects Agency in the United States
proposed developing a small insectlike � ying machine.2¡4 Wings
of centimeter-sized � ying machines operate at 103 < Re < 105.
Wing characteristics at 104 < Re < 105 have been extensively
investigated,5 whereas those at 103 < Re < 104 (Refs. 6 and 7) have
not. Sunada et al.8;9 conductedtwo systematic studies on wing char-
acteristics at Re D 4 £ 103 by measuring the wing characteristics,
and Kunz and Kroo10 did a systematic study on airfoil characteris-
ticsat 103 < Re < 104 byusingcomputational� uiddynamics.These
three systematic studies showed that thin airfoils having about 5%
camber ratio have a high lift–drag ratio at 103 < Re < 104. This air-
foil shape is similar to that investigatedby the Wright brothers (see
Ref. 11) for developing a glider, whose wing operates at Re > 106.

In the measurementsby Sunada et al.,8 a part of each wing was in
water, as shown in Fig. 1a. The measured hydrodynamic character-
istics of the wings included both a three-dimensional effect due to
the � nite aspect ratio AR and a wave drag due to the wave generated
on the water surface. In the study, the � nite aspect ratio of 7.25 was
as large as possible for the experimental apparatus, such that this
three-dimensionaleffectwas minimized. Our current study expands
the previous study by Sunada et al.8 as follows.

1) The hydrodynamicforces, not including the wave drag, acting
on a wing with AR D 7:25 were measured.

2) The hydrodynamicforces were measured for additionalairfoil
shapes with corrugation and a sharp leading edge and for airfoil
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Fig. 1 Part of wing submerged in water during force measurements:
a) in the previous experiments by Sunada et al.8 and b) in the present
experiments.

shapes included in the previous study by Sunada et al.8 The ef-
fects of corrugation and a sharp leading edge on the hydrodynamic
characteristicsof wings were, thus, clari� ed.

3) The hydrodynamicforces acting on a wing were measured for
various aspect ratios to clarify the three-dimensional effect on the
wing characteristics.

Experiments
Materials and Methods

The experimental apparatus used to measure the hydrodynamic
forces on the wings is shown in Fig. 2. The 20 wings, whose air-
foils are shown in Fig. 3, were towed through water in a tank
(L X D 1710 mm, L Z D 1000 mm, and LY D 400 mm). Of these air-
foils, 14 were studied previously by Sunada et al.,8 and 6 (airfoils
4, 6–8, 19, and 20) are newly studied here. All of the wings had a
chord length c D 40 mm, a span length b D 290 mm, and an aspect
ratio AR D b=c D 7:25.

The wingswere connectedto a loadcell via a 8-mm-diamcylinder
as shown in Fig. 1b, and then the forces exerted on the wing and
the cylinder were measured as each wing was moved through the
water in the tank. As discussed later in this section, this connecting
cylinder moving through the water allows the hydrodynamicforces
acting only on the wing to be measured, and thus, those forces that
do not include the wave drag can be determined. For comparison,
Fig. 1a shows the con� gurationused in the previousstudyby Sunada
et al.,8 where the wave drag acting on the wing was included in the
hydrodynamic characteristics.

In the water tank, the wing velocity rapidly reacheda constantve-
locity of V0 D 0:12 m/s, within 1 s. Therefore, the Reynolds number
Re D V0c=º was 4 £ 103. The load cell measured the hydrodynamic
forces in the X and Z directions, FX and FZ , respectively, which
are composed of forces acting on the wing and on the cylinder in
water.

The same measurement was made without the wing to obtain
the hydrodynamic forces acting on the cylinder in water in the X
and Z directions, FX0 and FZ 0, respectively. When it is assumed
that the interference effect between the wing and the cylinder is
negligible, the hydrodynamicforces acting on the wing in the X and
Z directions are FX ¡ FX0 and FZ ¡ FZ0 , respectively. From these

Fig. 2 Experimental apparatus used to measure three-dimensional
hydrodynamic forces.

Fig. 3 Test airfoils.
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forces, the lift and drag force coef� cients, CL and CD , respectively,
can be determined:

CL D
FZ ¡ FZ0

0:5½V 2
0 bc

; CD D
FX ¡ FX0

0:5½V 2
0 bc

(1)

In our experiments, the interferenceeffect between the side walls
of the tank and the wing was negligiblebecause the size of the water
tank (L X D 1710 mm and L Z D 1000 mm) was much larger than the
chord length c. On the other hand, the interference effect between
the wing and the water surface and that between the wing and the
bottom of the water tank were not expected to be negligiblebecause
the clearance between the wing and the bottom of the water tank
was ±b D 60 mm and that between the wing and the surface of the
water was ±w D 50 mm and because ±b=b and ±w=b both were about
0.2. However, becausewe expected these interferenceeffects on the
wing characteristics to be comparable for all of the wings studied
here, these effects did not affect the comparisons of the obtained
wing characteristics.

For all wings in general, when ® is smaller than their stall angle,
CD can be approximated as follows:

CD D CD .CL D 0/ C 11.® ¡ ®0/ C 12.® ¡ ®0/
2 (2)

For some wings, when ® is close to 0 deg, CL can be approximated
as follows:

CL D CL®.® ¡ ®0/ (3)

Experimental Uncertainty

The bias errors were due mainly to the load cell and strain am-
pli� er. The maximum bias error was less than 5%. The precision
error was mainly due to the angle-of-attackmeasurement, the wing
velocity measurement, and the disturbance resulting from the wing
motion. This error producedscatter in the CL and CD data, resulting
in an error of 5%.

The total measurement errors from these two sources in CL and
CD were, therefore, ¼

p
.52 C 52/, less than 8%. These errors were

small enough relative to the differences in characteristics of the
airfoils that they were ignored.

Results and Discussion
Figures 4–15 show the ®–CL and ®–CD curves and the effect of

airfoil shapeon the wing characteristics.Table 1 gives the data of the
airfoils’ shapes, and Table 2 lists the measured wing characteristics.

Thickness Ratio

The effect of thickness ratio on the wing characteristics can be
shown for three groups of airfoils: streamlined shape (airfoils 1–3),
� at plates (airfoils 5 and 9), and � at plates with a sharp leading edge
(airfoils6 and 12). For all threegroups, jCL=CD jmax increasedas the
mean thicknessratio tm=c decreased.The differencesin jCL =CD jmax

among airfoils 1–3 are mainly caused by differences in the ®–CL

curves (Fig. 4a), whereas the differencebetween airfoils5 and 9 and
that between airfoils 6 and 12 are mainly caused by differences in
the ®–CD curves (Fig. 5b).

Streamlined Shape

The effect of streamlined shape on the wing characteristics was
studied for three airfoils with streamlined shape (airfoils 1–3) and
a � at plate (airfoil 9). Based on the tm=c for airfoil 1 (3.8%) and
that for airfoil 2 (5.7%), the ®–CL and ®–CD curves for a NACA00
series airfoil with tm=c D 5% (not studied here) were expected to be
betweenthe curvesfor airfoil1 andairfoil2 as shownin Fig. 4. These
estimated CL and CD for this NACA00 series airfoil are smaller
than those for airfoil 9, which is a � at plate having the same tm =c
(Fig. 5). Based on the measured jCL=CD jmax for airfoils 1–3, the
estimated jCL =CD jmax for this NACA00 series airfoil is 5.6. When
this value was comparedwith that for airfoil 9 having the same tm=c,
the streamlinedairfoil had larger jCL =CD jmax than did a rectangular
airfoil.

a)

b)

Fig. 4 Effect of streamlined shape on a) lift coef� cient and b) drag
coef� cient of three-dimensional wings.

a)

b)

Fig. 5 Effect of a sharp leading edge and thickness ratio on a) lift
coef� cient and b) drag coef� cient of three-dimensional wings.
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Table 1 Airfoil shape data

Mean Maximum Location of
thickness camber maximum Height of

Airfoil ratio ratio camber corrugation
no. tm =c, % f=c, % x f =c, % h=c, % Remarks

1 3.8 0 —— —— NACA0006
2 5.7 0 —— —— NACA0009
3 7.6 0 —— —— NACA0012
4 7 6 53 Wortmann FX63-137
5 2.5 0 —— ——
6 2.5 0 —— ——
7 2.4 0 —— ——
8 2.4 0 —— ——
9 5 0 —— ——
10 5 0 —— —— Iron powder .Á D 15¹/ on the surface
11 5 0 —— —— Iron powder .Á D 30¹/ on the surface
12 4.9 0 —— ——
13 5 5 50 —— Circular arc
14 5 10 50 —— Circular arc
15 5 20 50 —— Circular arc
16 5 5 25 —— Two circular arcs are connected at 25%

chordwise position
17 5 5 75 —— Two circular arcs are connected at 75%

chordwise position
18 5 —— —— 14 Corrugated airfoil
19 5 —— —— 14 Corrugated airfoil
20 5 —— —— 22 Corrugated airfoil

Table 2 Wing characteristics

Airfoil no. Ca
L®

CD.CL D 0/ 11 12 j.CL =CD/max j.® deg)

1 4.3 0.044 ¡0.015 2.8 6.7 (7)
2 —— 0.054 0.052 1.5 5.0 (8)
3 —— 0.059 0.006 2.8 4.1 (10)
4 —— 0.067 ¡0.014 2.9 4.9 (7)
5 5.1 0.045 0.004 4.8 5.4 (6)
6 5.2 0.041 ¡0.11 4.4 7.9 (6)
7 5.1 0.041 ¡0.17 4.1 8.5 (6)
8 5.0 0.040 ¡0.24 3.8 9.4 (6)
9 5.4 0.064 0.020 5.0 4.5 (7)
10 5.4 0.059 0.062 5.7 4.9 (7)
11 5.4 0.065 0.084 4.8 5.1 (5)
12 5.0 0.066 ¡0.16 4.7 6.4 (6)
13 —— 0.10 ¡0.016 3.2 6.4 (7.5)
14 —— 0.13 0.022 2.7 5.2 (7.5)
15 —— 0.20 0.16 3.1 3.1 (13.5)
16 —— 0.093 ¡0.44 3.0 7.6 (6.5)
17 —— 0.097 0.34 4.3 5.9 (3.5)
18 —— 0.18 ¡0.24 1.1 3.3 (11)
19 5.1 0.090 ¡0.13 2.9 5.1 (6)
20 —— 0.093 ¡0.13 2.4 4.4 (9)

aValues were obtained only when the relation between ® and CL at small angles of
attack is linear.

Fig. 6 Effect of mean thickness ratio on maximum lift–drag ratio.

a)

b)

Fig. 7 Effect of maximum camber ratio on the a) lift coef� cient and
b) drag coef� cient of three-dimensional wings.
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Fig. 8 Effect of maximum camber ratio on maximum lift–drag ratio.

a)

b)

Fig. 9 Effect of position of maximum camber on a) lift coef� cient and
b) drag coef� cient of three-dimensional wings.

Camber Ratio

The effect of camber ratio on the wing characteristicswas studied
for four circular arc airfoils (airfoils 9 and 13–15). Comparison of
measured CL among these airfoils shows that CL was largest when
the camber ratio f=c was either 5 or 10% (Fig. 7). Comparison of
CD among these airfoils shows that CD increasedwhen the f=c was
increasedand when ¡10 deg < ® < 10 deg. These results show that,
for these four airfoils, the jCL =CD jmax was maximum when f=c was
5% (Fig. 8).

Fig. 10 Effect of position of maximumcamber on maximum lift–drag
ratio.

a)

b)

Fig. 11 Effect of a sharp leading edge on a) lift coef� cient and b) drag
coef� cient of three-dimensional wings.

Position of Maximum Camber

The effect of the position of maximum camber on the wing char-
acteristicswas studied for three airfoils (airfoils 13, 16, and 17) that
have f=c D 5%. Comparison of CL among these airfoils shows that
CL increasedas thepositionof themaximumcamberapproachedthe
trailing edge, that is, as x f =c was increased (Fig. 9). Comparisonof
CD shows thatwhen ® > 0, theCD decreasedas x f =c was decreased.
Conversely, when ® < 0, the CD increased as x f =c was decreased.
Comparison of jCL=CD jmax (Fig. 10) shows that jCL =CD jmax was
maximum when the position of the maximum camber was at the
25% chordwise position, that is, x f =c D 0:25.
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Fig. 12 Effect of leading-edge angle on maximum lift–drag ratio.

a)

b)

Fig. 13 Effect of corrugation on a) lift coef� cient and b) drag coef� -
cient of three-dimensional wings.

Wortmann FX 63-137 Airfoil

Based on jCL =CD jmax for airfoils 1–3, (Fig. 6), the estimated
jCL =CD jmax for a NACA00 series airfoil with tm =c D 7% is 4.4.
Comparison of this estimated jCL =CD jmax with that measured for
airfoil 4 having the same tm =c shows that airfoil 4, which is a typical
airfoil at Re ¼ 105, had larger jCL =CD jmax than did this NACA00
series airfoil. The reason for the larger jCL =CD jmax is that airfoil 4
is cambered ( f=c > 0).

Based on jCL =CD jmax for airfoils9 and 13–15 shown in Fig. 8, the
estimated jCL =CD jmax is 6.0 for a circulararc airfoilwith f=c D 6%.
Comparison of this estimated jCL =CD jmax with that measured for
airfoil 4 having the same f=c shows that airfoil 4 had smaller

Fig. 14 Effect of corrugation height on maximum lift–drag ratio.

a)

b)

Fig. 15 Effect of roughness on a) lift coef� cient and b) drag coef� cient
of three-dimensional wings.

jCL =CD jmax than did the circular arc airfoil having the same f=c.
This smaller jCL =CD jmax is because the mean thickness ratio of
airfoil 4 (tm =c D 7%/ is larger than that of airfoils 9 and 13–15
(tm =c D 5%/ and because a thinner wing has larger jCL =CD jmax as
discussedearlier. Note that x f =c ¼ 50% for airfoils 4, 9, and 13–15.

Angle of Leading Edge

Comparisonof jCL=CD jmax for airfoils 5–8 and that for airfoils 9
and 12 in Fig. 12 shows that jCL =CD jmax increased as the angle of
the leading edge was decreased.The sharper leading edge increased
the jCL =CD jmax . The differences in jCL =CD jmax among airfoils 5–8
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and thosebetweenairfoils9 and 12 are mainly causedby differences
in the ®–CD curves, as shown in Fig. 11b and Fig. 5b, respectively.

Corrugation

Comparisonof jCL=CD jmax among airfoils9 and 18–20 in Fig. 14
shows that only the jCL =CD jmax of airfoil 19 was larger than that of
airfoil 9, which is a � at plate. This means that proper corrugation
increases the lift–drag ratio. Note that tm =c ¼ 5% for airfoils 9 and
18–20. The difference in jCL =CD jmax between airfoils 9 and 19 is
mainly caused by differences in the ®–CD curves in Fig. 13b.

Roughness

Comparisonof CL and CD for airfoils 9–11, in Fig. 15 shows that
the effect of roughness on wing characteristicswas small.

Flow Visualization

Sunada et al.8;9 did � ow visualizationaround airfoils 3–6, 9, 12,
13, and 19. The water level in the water tank was decreased so
that part of the wing was above the water surface. Flow around
the wing was visualized by � oating aluminum dust on the water
surface. Relation between the � ow visualization and the measured
hydrodynamic forces is as follows.

Airfoils 3, 4, and 13

For airfoils 3, 4, and 13, the separation point was located on
the upper surface between the leading and trailing edges, and this
point moved toward the leading edge with an increase in the angle
of attack. These airfoils experience a so-called trailing-edgestall.12

Kinks in the ®–CL curves for these wings (Figs. 4a and 7a) occurred
at angles of attack smaller than their stall angle.

Airfoils 5, 6, 9, 12, and 19

For airfoils 5, 6, 9, 12, and 19, unsteady vortices were generated
at the leading edge. The ®–CL curves for these wings (Fig. 5a),
except airfoil 18, have higher linearity than do airfoils 3, 4, and
13.

Summary

The results in the subsections on thickness ratio, streamlined
shape, camber ratio, and roughness agree with those obtained by
Sunada et al.,8 whereas the result in the subsection on position of
maximum camber differs. In the experiments by Sunada et al.,8

the jCL =CD jmax was maximum when the position of the maximum
camber was 50%, compared with the 25% obtained in the present
experiments. This difference is caused by the difference in how the
wing was mounted to the load cell, as shown in Fig. 1. The results
in the subsections on the Wortmann FX 63-137 airfoil, angle of the
leading edge, and corrugation are newly obtained results.

Effect of Aspect Ratio on Measured Three-Dimensional
Lift and Drag Coef� cients

Force measurements for various AR were made to determine the
effect of AR on the hydrodynamic forces for various b. Airfoil 8,
with c D 28:8 mm, was used because, in this discussion, we use
potential � ow theory where the relation between ® and CL is linear.
Note that the relation between ® and CL for airfoil 8 is linear as
shown in Fig. 11. The clearance between the wing and the surface
of the water was � xed at ±w D 30 mm and that between the wing and
the bottom of the water tank was varied as a function of b, that is,
±b D .370 ¡ b/ mm. Therefore, the interference effect between the
wing and the bottom of the water tank varied as b was varied.

Figure 16 shows the effect of AR on the lift slope CL® in Eq. (3)
and on the coef� cients 12 and CD.CL D 0/ in Eq. (2). The CL®

at AR D 7:25 is smaller than that at AR > 7:25. Therefore, the CL®

and 12 at AR D 7:25 that we measured include a three-dimensional
effect. The contributionof this three-dimensionaleffect in CL® and
12 can be determined by estimating the lift and drag coef� cients of

Fig. 16 Effect of AR on the three-dimensional characteristics for air-
foil 8.

a two-dimensional airfoil. For this estimate, the lift coef� cient and
drag coef� cient for a two-dimensional airfoil is approximated as

C` D a0.® ¡ ®0/ (4)

Cd D Cd .C` D 0/ C ±1.® ¡ ®0/ C ±2.® ¡ ®0/2 (5)

Then, the four coef� cients, a0; Cd.C` D 0/; ±1, and ±2 , in Eqs. (4)
and (5) are obtained as follows: The values of Na0 and NCd , that is,
NCd.C` D 0/; N±1 and N±2 , are estimated from measured CL® and 12 as

Na0 D
CL®

1 ¡ .CL®=¼AR/.1 C ¿/
(6)

NCd ´ NCd.C` D 0/ C N±1.® ¡ ®0/ C N±2.® ¡ ®0/2

D CD ¡
¡
C2

L

¯
¼AR

¢
.1 C ¾ / (7)

Equations (2), (5), and (7) become

N±2 D 12 ¡
¡
C2

L®

¯
¼AR

¢
.1 C ¾ / (8)

N±1 D 11 (9)

NCd.C` D 0/ D CD.CL D 0/ (10)

The values of ¿ and ¾ approach 0 (Ref. 13) when AR > 5, assuming
the interferenceeffect between the wing and the bottomof the water
tank and that between the wing and the water surface are negligible.
Because it is not yet clear how ¿ and ¾ are affected by these inter-
ference effects,which are varied by AR, the following discussionwe
assumed ¿; ¾ D 0.

The measured CD .CL D 0/ in Fig. 16 are independent of AR, and
the constant value is NCd.C` D 0/, as indicated by Eq. (10). Because
the term ±1®, that is, N±1®, is much smaller than the other terms in
Eq. (5), N±1 will not be discussed here. The parameters a0 and ±2

correspond to asymptotic limits Na0 and N±2 with increasing AR. The
estimateda0 and ±2 are 6.2 and 3, respectively,from Na0 and N±2 shown
in Fig. 16. The CL® and 12 at AR D 7:25 differ from the estimated a0

and ±2 by about 30%. Such a large three-dimensional effect might
be included in the wing characteristics that we measured.

Laitone14;15 showed that potential � ow theory is not valid for
wing/airfoil characteristics at Re < 5 £ 105 for two reasons. The
� rst reason is that certain wings with AR ¼ 6 have CL® larger
than the two-dimensional lift slope 2¼ determined by using po-
tential � ow theory. The second reason is that, when the drag
coef� cient of a wing with � nite aspect ratio is approximated
by CD D CD.CL D 0/ C 12.® ¡ ®0/2 , induced drag 12.® ¡ ®0/2 is
much larger than .C2

L =¼AR/.1 C ¾ / (Ref. 14) estimatedby using po-
tential � ow theory. However, why Eqs. (6) and (7) are not valid for
wing/airfoil characteristics at Re D 4 £ 103 remains unclear. Fur-
thermore, when induced drag is assumed to be .12 ¡ ±2/.® ¡ ®0/2

as indicated by Eq. (8), the second reason stated might disappear.
Therefore, the values of a0 and ±2 were just reference data.
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Conclusions
Hydrodynamic characteristicswere measured for 20 wings with

AR D 7:25. Because of the experimental method shown in Fig. 1b,
these characteristicsdid not include the effect of wave drag, which
was included in previous experiments by Sunada et al.8 When the
effect of wave drag is removed, our results show that the maximum
camber position is at the 25% chordwiseposition for wings with arc
airfoils having camber ratio of 5% for maximum jCL =CD jmax .

Our resultsalso show thathydrodynamiccharacteristicsof a wing
having a rectangular airfoil can be improved by either a camber of
5%, a sharp leading edge, or proper corrugation. Corrugation is
particularly effective in improving the wing characteristics better
for the following reasons. Previous studies8;9 as well as our current
study show that a thinner wing has better hydrodynamic character-
istics. However, a thinner wing has lower rigidity.When the thinner
wing cannot support the pressure because of lower rigidity, corru-
gation is effective. This is because corrugation makes the thinner
wing stronger against the bending moment and the torsional mo-
ment when an airfoil is thin and the warping is restricted.Therefore,
a thinner wing with corrugation has high hydrodynamic character-
istics and high rigidity.This is probably why insects’ wings are thin
and have corrugation.
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